Abstract. The weight enumerator of a binary doubly even self-dual code is an isobaric polynomial in the two generators of the ring of invariants of a certain group of order 192. The aim of this note is to study the ring of coefficients of that polynomial, both for standard and joint weight enumerators.
Introduction
It is well known (see [7] ) that any modular form whose Fourier coefficients lie in Z can be written as a polynomial over Z in E 4 (τ ), E 6 (τ ) and ∆(τ ) = , where E k is the normalized Eisenstein series of weight k. Furthermore, Igusa [6] and Nagaoka [8] determined the minimal set of generators over Z of the graded ring of Siegel modular forms of degree 2 whose Fourier coefficients lie in Z, and of the graded ring of symmetric Hilbert modular forms for the real quadratic fields Q( √ 2) and Q( √ 5), respectively. On the other hand, recently the connections between the coding theory and theory of various modular forms have been well studied (see [1] , [3] ). For instance, it is well known that the weight enumerator of every doubly even self-dual binary code is a polynomial in two generators, the complete weight enumerator W (1) e 8 of the Hamming code and the complete weight enumerator W (1) g 24 of the Golay code. The graded ring C[W (1) C ] of the weight enumerators of all doubly even self dual binary codes is isomorphic to the graded ring C[E 4 , ∆] of elliptic modular forms [3] ; explicitly,
. Since the coefficients of any weight enumerators of codes are in Z, a natural question is if any weight enumerator of all doubly even self-dual binary codes can be written as a polynomial in W (1) e 8 and W (1) g 24 over a smaller ring than C. It turns out that we can replace C in the equality in equation (1.1) by the smaller ring Z
]. The main result of this paper is that we extend this problem to the genus 2 case as well.
We start with the definitions and the known facts which are needed in this note. Let S n be the Siegel upper-half space of degree n and denote by A(Γ n ) k the ring 
can be expanded into a Fourier series of the following form:
where q ij = exp(2π √ −1τ ij ) and s runs over the set of half-integral positive (semidefinite) matrices of degree n. For any subring R of C we denote by
forms a graded integral ring over R. The explicit structure of the ring A Z (Γ n ) is known only for n = 1, 2, and we shall use them later.
Let m = (m m ), with m , m ∈ F n 2 ; then the theta constants with characteristic m are defined as
Let C be a (linear) code of length k over
is a homogeneous polynomial of degree k with non-negative integers as its coefficients. For any subring R of C we denote by R[W (n) C ] the graded ring generated by the weight enumerators of degree n of all doubly even self-dual codes of any length over R. It is known that the Broué-Enguehard map (4) when n = 1, 2 (see [10] ). In the next section we explain our problem dealing with the case when n = 1. The main theme of this note is to investigate this in the case when n = 2.
The case when n = 1
In this section, we discuss the case when n = 1 (and may omit n = 1 in the notation of the weight enumerator for the sake of simplicity). Before proving the assertion, we modify our setting. We started from the fact (see [3] The doubly even self-dual code of length 8 is unique (up to isomorphism), however, we may take another doubly even self-dual code of length 24 instead of g 24 . There exist 7 indecomposable doubly even self dual codes of length 24 (see [11] Before proceeding to the proof, we recall the modular forms for Γ 1 over Z. If we denote by E k the Eisenstein series of even weight k normalized as
, and if we put ∆ = 2
), then it is well known (see [7] ) that 
Proof of Proposition
is trivial, and we show the converse. Let C be a doubly even self-dual code of length
we get
in which c a b 's are elements of Z[ For other cases in the proposition, a similar method can be applied, and so we omit the detailed proof.
The case when n = 2
In this section, we shall discuss the case when n = 2 (and may omit n = 2 in the notation of the weight enumerator). Our starting point is the following equality given in [4] : 
The proof of this theorem is carried out by a method similar to that of Proposition 2.1. We recall that A(Γ 2 ) is generated by homogeneous elements ψ 4 , ψ 6 , χ 10 , χ 12 , χ 35 over C, each with the subscript as its weight. The normalization is made as follows (we follow the notation in [6] ):
and
Proof. This is derived from the definition of each element and the formula 
